LECTURE 4: ELLIPTIC HALL ALGEBRA BY GENERATORS AND
RELATIONS
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ABSTRACT. These are notes for a talk given at the MIT-Northeastern Graduate Student Seminar
on Double Affine Hecke Algebras and Elliptic Hall Algebras, Spring 2017.
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1. GOALS AND STRUCTURE OF THE TALK

The main goal of the talk is to introduce the elliptic Hall algebra (EHA) and show that it is
isomorphic to a quotient of the Ding-Iohara algebra (also known as the quantum toroidal gl;). We
will start with the notion of quantum affinization for Kac-Moody algebras. After that we will define
the elliptic Hall algebra £k and its specialization £ that will be one of the main Ob/jgcts of study
in our seminar. The first one can be understood as the quantum affinization of U, (gly)). Next we
will move to the Ding-Iohara algebra U and its quotient € that is the quantum toroidal gl;. We
will define it by generators and relations and construct a surjective map £ — £. The main result
of this talk is that this map is an isomorphism. We will give a combinatorial proof of this theorem.
Interaction with other objects such as the Hall algebra of coherent sheaves on an elliptic curve and
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2 DMYTRO MATVIEIEVSKYI

shuffle algebra will be discussed in other talks. We finish these notes with a discussion of Hopf
algebra structure on the EHA.

2. QUANTUM AFFINIZATION

2.1. Quantum Kac-Moody algebra. Let g be a Kac-Moody algebra. We set C' be the Cartan
matrix of g, h — its coroot lattice. Let aq,...,a, € h* and af, ..., @, € b be sets of simple roots and
simple coroots correspondingly. For this data we define the quantum Kac-Moody algebra U,(g).

Definition 2.1.1. The quantum Kac Moody algebra U,(g) is the C-algebra generated by elements

ky, for every h € b and x{c,xét, ..., xF with the following set of relations.

knan = knkp, ko =1,

k’hl’ qial(h) €T; k.,
_ ka\/ - k—a\/
[l‘;r,xj] = 5i,jﬁ7

o T
DR ()"t (af) =0, fori# ).
B 7! g — )] T
r=0,1,...,.1-C; ;

In the formulas above we put [m] = qz:qq,l and [m]! = [m][m —1]...[1].

2.1.1. Quantum Kac-Moody algebra of sla. Let us show an example and apply the construction
above to the Lie algebra sl,. We have elements :1;1 =e, 2] = f and k,;, for m € Z. Note that

km = k7*. Then U,(slp) is generated by K := ki, K~ ", e and f with the following set of relations.
KK '=K'K=1,
Ke = ¢’eK,
Kf=q?fK,
K- K1
efl= .
e, /] q—q!

2.2. Quantum aﬂinization Let g, b, oy and @ be the same as in the previous section. Let us
have variables 23, (with i € {1,...,n}, r € Z), hi,, (with i € {1,...,n}, m € Z\ {0}). We put
¢Z7m be the elements determined by the formal power series

Y Gram " =kavexp | £a—a7) Y hiwme™ |

m>0 m/>1
qS;rm:O for m <0,
¢y =0, for m > 0.

Let us consider the following series:



LECTURE 4: ELLIPTIC HALL ALGEBRA BY GENERATORS AND RELATIONS 3

Deﬁnltlon 2.2.1. The quantum affinization of Uy(g) is the C-algebra Uy(g) with the generators
kp (with h € ), him and the relations below.

() kniw = knkp, ko =1, knoi(2) = ¢ (2)kn,
(@) 65 (w)e) (2) = ¢} (2)¢; (w), & (w)e (2) = ¢ (2)¢; (w),
(i) kpas (2) = ¢ MWa (2)ky,

’LT"

()6 @) = T et ),

(o)l (2 )] =~ 8(2) (67 (w) = 0 (),

(i) —qici’fzmi(z) () = (g*Cosw — 2)o () (2),

w3 3 T o) 7 () (I (o) -7 ) =0

where s =1 — C; j. The equation (iv) is expanded for |w| > |z|.

Remark 2.2.2. The correspondence :U;t — :U;to giwes a map of algebras Uy(g) — Uq(g). Therefore
Uy(8) has a structure of Uy(g)-module.

Proof. The proof of this statement is straightforward computation of the coefficients in relations
above. We left it to the reader. O

2.2.1. Quantum affine algebra U(;[;) Let us apply this construction to the Lie algebra sly. We
have generators e, = mfr, fr = a1, for r € Z, hy, = h1y, for m # 0, K and K~!. Let us define

power series e(w), f(w), ¢*(z) as in the general case. We have the following set of relations:
KK '=K'K=1,
K¢ (2) = ¢ (2) K

Ke = ¢%eK,
Kf=q?fK,
2w —ZzZ
FH(ew) = = e(w)6*(2),
2w — 2
SR w) = = = S8 (2)
(), ()] = 3 0(2)( () — 6 (w).

2.3. The quantum Heisenberg algebra.

Definition 2.3.1. The infinite-dimensional Heisenberg algebra H is the C-algebra generated by
elements a+, for n € Z=g and a central element v with relations [ap, am| = 6n,—mny.

Let us fix complex numbers g1, ¢go and ¢ = g1¢2 and set

(1-g)(1-gh)(1-g7")

o =

We consider the algebra Z/lq(g/[\l) generated over C(q1,q2) by elements a,, for n € Z~o and a central
)
(0773

element ¢ with relations [an, am]| = 0n,—m

The algebra Z/{q(g/[\l) is called the quantum Heisenberg algebra.
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2.4. The elliptic Hall algebra. The main g/gal of this section is to construct an algebra Ex that,
in a sense, is the quantum affinization of U,(gl;) (note that gl; is not a Kac-Moody Lie algebra so
the construction of the previous section does not apply literally but serves as motivation).

We set Z = Z% and Z* = Z?\ (0,0). For an element z = (a,b) € Z* let us put deg(z) :=
g.c.d.(a,b) € Zsg. For a pair of elements (z,y) € (Z%)* we set €, = sign(det(z,y)) € {£1} and
let A, , be the triangle in Z with vertices (0,0),z,z + y.

Definition 2.4.1. The elliptic Hall algebra Ex is the C algebra generated by the set of elements
ug for x € Z* and ko for a € Z subject to the relations given below. We define elements 0, for
z € Z* satisfying the following equations for every xg € Z* with deg(xg) = 1:

Z iz st = exp(z Qplygy S ).
7 r>1
Note that 0, = a1y, 0oz, = ouzg, + %u%o
The generating relations of Ex are as follows.

Ko 1S central,

Kakg = Kat+8, Ko = 1,
—1

Kg — Ky
[z, uy] = 0p,—y

- with deg((r,d)) := ged(r,d) if z,y belong to the same line,
deg(x)

[y, Us] = €z yKa(zy) Y if deg(z) = 1 and Ay y has no interior lattice point.
) a1

In the expression above

(€zm + €yY — €x+y($ +))
2

(€z + €yY — E:c-&-y(x +y))

2

a(:c,y) = €z y Zf €xy = 1,

a(z,y) = € , if €gy = —1.

Here ¢, =1 for x = (r,d) ifr >0 orr =0 and d > 0 and €; = —1 in other case.

For any line L through the origin /vzith a rational slope elements u, for x € L satisfy relations of
the quantum Heisenberg algebra U, (gl1). Therefore £ can be understood as the quantum affinization
of the quantum Heisenberg algebra.

Note that all k, are defined from kg1 and x1. In this talk we will be interested in specialization
& of this algebra to the case ko1 =1, kK10 = c.

Corollary 2.4.2. The algebra £ (we will also call it the EHA) is the C(c*1) algebra generated by
the set of elements u, for x € Z* subject to the following relations:

(i)[tg, up] = 0 if x, 2" belong to the same line and x # —a',
(et war) = == 2 = ()2 = (=, =d),
Oty

(1) [uy, uz) = €z y if deg(x) =1,€; = €, and Ay, has no interior lattice point,
a

a(r,r’)
(i1 ) [uy, ug] = eLyCTleer if deg(z) = 1,2 = (r,d),y = (r',d'), €5 # €, and A, has no interior lattice point.
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Let us give few examples of commutation relations:

01,1
[u(l,O)uu(O,l)] = = U(1,1)>
9(2,2) a9 a1
[u(1,0)5 w(1,2)] = o eyt g,
[u(—1,0 u12]:_/€1,0922 Z—%Um _%ull
(_7)’(7) a1 (7) o1 (7) 2 (7)’

[U(Lg), u(17_1)] is not proportional to (o 1y. This commutator will be computed later.

3. PROPERTIES OF EHA

3.1. SL(2,Z)-action. We have a natural action of SL(2,Z) on the generators u, of the algebra
E. An element v € SL(2,Z) sends uy t0 ;). If ¢ # 1 this action does not preserve a(z,y) and

therefore does not descend to £. In fact we have an action of the universal cover §E(2,Z) on &.
Nevertheless it sends 0, t0 64, €2,y t0 €4(2)4(y), Preserves degrees and triangles w/o interior lattice
points. Suppose that z, y satisfy condition of the commutation relation (iii). Note that assuming
¢ =1 we have the action of SL(2,Z) on £. Therefore if x, y(z), y and y(y) lie the right half-plane
(so a(z,y) = 0), then the commutation relation is preserved by the action of v. We will use it in
Section 3.4.

3.2. Smaller set of generators. For any element x = (a,b) € Z* we define its rank as rank(x) :=
a.

Lemma 3.2.1. The EHA Ex (ansd therefore its specialization E) is generated by the elements
Ut1,1, U0, Lk fOTl €z, ke Z~q.

Proof. We will prove this lemma by the induction on the rank of an element.
Denote by 7 the subalgebra generated by u41, 1o+ and assume

that u, s € T for any (r,s) € Z* with n > |r| > 1. It is enough to

prove that u, 4 € T, the fact for the u_,, 4 will follow analogously. .
Let us denote z = (n,d) and define = = (r, s) be the closest point

to the line 0z such that » < n. By the construction A, ., has

no interior points (they need to be closer to the line 0z then

xz) and €, = €,_, = €, = 1. Therefore 0, = a%[t:c,tz—x] and ]
ranks of £ and z — x are less then n. Therefore 8, € 7. Let

z = kzy where deg(z9) = 1. From the definition 0, = agu, +

.Ulaij
Yo BirimWirzg - - - Winzo Where By 5. = = -—. Every
i1+ Fim=k FiGUuRE 1. The
summand except for agu, belongs to T, so u, € T. induction step.

3.3. Basis combinatorial notions. In the next section we will give a basis of the EHA £ as a
vector space. For this purpose we need to introduce more notations.

For an element z € Z* we define its slope pu(z) to be the angle between the horizontal axis and the
ray 0z. We set u(z) €] — 2, 27].



6 DMYTRO MATVIEIEVSKYI

For the every sequence s = (1,2, ..., Ty,) of elements
in Z* we associate a broken line in Z connecting points
0,z1,2z1 +x2,...,21+ ...+ x,. We call two sequences
sand s equivalent if s* can be obtained from s by suc-
cessive permutations of adjacent vertices x; # —x;q1
of the same slope. We will refer to equivalence classes
of sequences as paths and denote the set of all paths
as Path. To a path p = (x1,x2,...,2,) we assign the
element u, = Uz Uz, ... Uz, € E. From the definition
of & we see that the elements u, generate EHA as a
vector space.

We say that the path p represented by a sequence

(z1,22,...,2Ty) is convex if it satisfies

T 3T
— 5 <p(@1) < p(we) <. < plan) < —-

2 " 2 FIGURE 2. The triangle A
We denote the set of all convex paths as Conv. For and a local convexification
example the path p in Figure 2 is not convex because p' of the non-convex path
w(zi) > p(z2) but the path p’ is convex. In next section D.

we will prove that u, for p € Conv is a basis of £.

For the pair z;,z;4+1 in a path p such that p(x;) > u(x;4+1) we can construct the triangle A with
vertices 1 + ... + @1, 1 + ... + Ti1 + Tix1, 21 + ... + 2i1 + x; + x501. We call the path p/
obtained from p by replacing z;, r;+1 by a convex path in the triangle A; a local convexification of

%or the path p = (x1,x9,...,2,) we define its length

l(p) = n and weight |p| = Y i, z;. Note that for

every path p there is a unique convex path p? with

the same entries that in p. This path is constructed

by permuting entries according to the order given by P
slope. Note that any two segments of paths p and p*

either do not intersect or coincide. Let us consider the

subalgebra €1 of £ generated by u(, ;) with a > 0 or

a =0,b > 0. It is generated by paths with entries

x; = (ai,b;), a; >0 or a; =0, b; > 0 for all .. We call

them positive paths. Let us denote Conv™ the set of

positive convex paths. We can define the subalgebra 7
£~ and the subset Conv™ in the same way. Then any
positive p and the corresponding positive convex path
p! bound a polygon with all vertices in lattice. Let
a(p) to be the area of this polygon, we will abuse the
terminology and call a(p) the area of the path p. We
have the following lemma.

FiGurE 3. The area a(p)
of the path p.

Lemma 3.3.1. Let p be a positive path in Z*. Then

i) p is convex if and only if a(p) =0,

ii) for any subpath p' of p we have a(p’) < a(p),

iii) For any local convezification p’ of p we have a(p’) < a(p).

i) is obvious.

To prove ii) let us consider the path p* obtained from p by replacing p’ by p’. Note that p*# = pf
because p* is obtained by permuting entries. Therefore a(p) = a(p’) + a(p*) = a(p’) < a(p).

So it remains to prove the third statement of the lemma.
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FIGURE 4. The lower green path p’* lies between upper green p’ and red p’’*.

Let p’ be a local convexification of p obtained by replacing entries x;, ;11 by a convex path. We
claim that p'* belongs to the polygon bounded by p* and p’. The upper bound is obvious. Suppose
that we have points inside the triangle A for p’. Let y € p’ be the first such vertex and let p” be a
broken line defined in the following way. We take the edge from y and extend it in the direction
of y to the intersection y’ with the edge of A. We replace y by %/ in the path p’. The broken line
p” doesn’t have to be a path but we still can define notions of slope, convex broken line and area
in the same way. We claim that p’* belongs to the polygon A, bounded by p’ and p” ¥, Indeed let
us look Figure 4. Here blue color corresponds to the path p and corresponding convex path pf,
green color — to p’ and p™ and red — to p” and p”f. Note that we are interested only in z with
w(xisr) < p(z) < p(x;). Let us introduce some notations. We denote the incoming in y segment
of p’ by a; and the outgoing segment by as. Therefore for the first edges in p’* and p”* we have
that the slope of the second one is bigger. Therefore up to the segment a; we have p’# belongs to
Ay. Let us denote by ¥ the vector between y' and y. Note that we have this vector (black color on
the picture) between corresponding vertices of p® and p* after the segment a; in pf. After that
we have the same segments in both of broken lines up to the segment as. And we have p* and p
coincide after ap. Therefore p belongs to Ay.

So it is enough to prove the claim for the convexification p’ without interior lattice points. The
same argument applied to p’ gives that it is enough to prove for the case when a point on a side of
A should be the intersection of it’s sides, i.e. the vertex. In this case we get p'# = p.
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Let us denote by B the polygon bounded by p and p’. Therefore

a(p) > a(p’) + S(B) > a(p’) + 5(A) = a(p’) < a(p).

3.4. Basis of convex paths. The main goal of this section is to prove an important lemma that
uy, for p € Conv™ give a basis of £1 as a vector space. In future talks we will show from another
description of the EHA that elements corresponded to convex paths are linearly independent. For
now we refer reader for the proof to the paper [BS] of Burban and Shiffmann. So it remains to
check that these elements span everything. For these purposes we need to recall a standard fact
about area of the polygon with lattice points.

Proposition 3.4.1. (Pick’s formula.) For the polygon with lattice points P with i(P) interior
lattice points and b(P) lattice points on the boundary we have the following formula

The most important step to prove that convex paths span the whole EHA is to check that every
non-convex path of length 2 is generated by convex paths. Let us show that the statement for an
arbitrary path p will follow.

Lemma 3.4.2. Suppose that [uz,uy] € @ Cuy for any x, y such that |det(x,y)| < d. Then
q€Convt
for any positive path p satisfying a(p) < d we have up € @ Cuy
q€Convt

Proof. For a(p) = 0, Lemma 3.3.1 i) states that p is convex, so proposition holds. If a(p) > 0 then
p is not convex, so we have p(x1) < p(xz) < ... < u(xs) > p(xsy1) for some s. The statement ii) of
Lemma 3.3.1 gives us that det(zs,zs41) = a((zs,xs41)) < a(p) < d, so by the lemma assumption
Ug Ugy = »_; Bilg, Where g; is a local convexification of p. Therefore it is enough to prove that

ug, € @ Cuqy for every i. By Lemma 3.3.1 iii) we have a(g;) < a(p). Note that the area
g€Convt

function a(e) takes values of the form § for n € Z>q and a(q) < a(p) < d for every convexification

q. Applying the same procedure to ¢; finitely many times we will get a linear combination of convex

paths. The lemma follows. O

Ir remains to show that [ug,u,] € € Cu, for any two segments z,y € Z*.
g€Convt

Proposition 3.4.3. For any elements x,y € Z* with p(z) > pu(y) we have ugu, € @ Cu, where
pEly y
I, — the set of convex paths inside the triangle A, .

Proof. We will prove this lemma by the induction on det(y,x). If det(y,z) = 1 then by Pick’s
formula for S(Azy) = & we have (A, ) = b(Ayy) = 0, so deg(z) = deg(z +y) = 1 and A, has
no interior lattice points. It follows that uyu, = uyus + [ug, uy] = uyu, + Ka(z,y) Us+y-

Let us assume that the statement of the lemma holds for any 2/,y" with det(a’,y') < d (if
det(y’,2') < 0 then the path (2/,y') is convex) and set det(y,z) = d. Let us first consider the
case when A, , has no interior lattice points.

Lemma 3.4.4. If A, has no interior lattice points then uzu, € @ Cuyp.
pElzy
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Proof. We put yo = ﬁ@), To = degx(w) and (z +y)o = degm(;iy).
1) Assume deg(z) > 2, deg(y) > 2
Let us consider the point z = (deg(x) — 1)xzg + yo € Azy. The
only case when z is not an interior point is deg(z) = deg(y) =
2. We can find such v € SL(2,Z) that z = ((0,2)) and y =
7((2,0)). As both points x and y are positive action of v preserves
commutation relations. Direct computation shows

2

« (6%
U(2,0) = ;;[U(Ln,U(l,q)] - 5 U0 =
2
aq ai 2
[U(0,2)7U(2,0)] = ;2[“(0,2)7 [U(1,1)7U(1,—1)H - j[u(m), U(1,o)]

It is enough to check that each summand can be decomposed
into a linear combination of monomials corresponding to convex
paths. Indeed

[u(0,2)7 [u(l,l)au(l,—l)“ =

(0,0) fre

FIGURE 5. The
interior lattice
point z for case

[u(1,1)7 [u(0,2)au(l,—l)H + [U(l,—l), [U(1,1)7 U(o,z)“ = 1).
1
- [U(1,1)>u(1,1)] + [u(l,—l)au(l,i’))] = [U(l,—1)7u(1,3)] = 0719(2,2)
[t0.2)> uft 0)) = [t(0,2)> u(1.0)(1,0) + U(1,0)[U(0.2)> U(1.0)) = —U(1,2)U(1,0) — U1,0)U(12) =

1

- [U(1,2)7U(1,0)] + 2u()ua2 = —0719(2,2) + 2u(1,0)u(1,2) € Cuz2) ® Cuy1) & Cugy p)u(2)-

Therefore uzuy, = uyus +([ue2), uenl) € @G Cuy.
g€Convt
2) Suppose deg(z) =1 or deg(y) = 1. Then

Ka(w,y) bty
Uz Uy = UyUsg + % -
1

Uyly + Ka(z,y) Z 57;17,“,imui1(x+y)0 e U (zy)e € @ Cuy.

i1+...+im=deg(z+y)

g€Convt
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Therefore we may assume that there are interior points in A, .
Let z € A, be a point such that the triangle Oxz has no interior
points and deg(z) = deg(x — z) = 1. Suppose that = — z is
positive. The case when x — z is negative is similar, we will have
same expressions but with coefficients depending on x. We have

0(z) _ Qdeg(a)

[uzyu:rfz] =——=—"Uy + f7
o1 o]

where f is generated by elements ug,, for f < deg(z). We get
1

Humua‘—z}vuy] - [f, Uy] =
adeg(m) z+y

an
Qdeg(x) Huy’ uz_ZL uZ] Qdeg(x) Huy? uz] ’ uz_Z] [f7 uy]' FiGURE 6. The

case of interior

[uz, uy] =

aq

We see that the triangles 0zy and xyz lie inside the triangle Oxy. i ;
Therefore we have det(y, z) = 25(0zy) < 25(0zy) = det(y, z) and lattice point 2 €
analogously det(y, x—z) < det(y, z). By the induction hypothesis Agy-
we have [uy,u,] € @ Cup and [uy,u,—z] € @ Cuy.

PEI y g€l 2.y
From the construction p(z — z) < p(z) < p(y), so (r — z,p) is a
convex path for all p € I, ,. Therefore the path (p,z — z) is a local convexification of the path
(z,y,z — z). By Lemma 3.3.1 iii) we have

a((p,z —2)) <a((z,y,x — 2)) < a(z,y) = det(y,z) = d. So [uy—,up| € @ Cuy.
te[z,y
Analogously [ug, uz] € @ Cus. Therefore it is enough to prove that [f,u,] € @ Cus. Note that
SGIz,y Selz,y
f is a finite sum of paths w;, zWiyz - - - Ui,,z, With some coefficients, where i1 + ... + i, = deg(z).

We need to show that [w,z0Uiszg - - - Wipaos Uyl € D Cus. Let us state a stronger fact:
s€lz .y

Lemma 3.4.5. Let p = (1120, 1220, ..,imTo) be a positive path with iy + ...+ iy, < deg(x) and

ij < deg(x) for all j and q be a convex path between (i1 +...41m)xo andy. Then upu, € 619 Cus,.
s€ly y

Proof. We prove the proposition by induction on m. If m = 1 let us denote 2’ = i12¢. Then ¢ is a
local convexification of the path (z/,y—2'), so a((p,q)) < a((z',y—2")) < a((z,y)) = det(x,y) = d,
so the statement follows from Proposition 3.4.3. Here the first inequality is given by Lemma 3.3.1
iii) and the second one follows from the fact that the triangle 0z'y is contained in 0zy.

Suppose that the proposition holds for all paths p with &k < m segments. We have

[upv uq] = [uiwouiﬂo s uimwovuq] = [uiwouiﬂo oo Wiy uq]uimavo + Uiyag - -+ Wiy _q9 [uimwovuq]

By the induction hypothesis the first summand of the right hand side is a linear combination of
the elements wu;,,», where ¢ is a convex path with all slopes between u(y) and p(x). Therefore
(t, im.fE()) € I$7y.

The second summand by the proposition for m = 1 is a linear combination of the elements
Uiy zoWiszg - - - Wiy, _1moWs Where s is a convex path with all slopes between p(y) and p(z). By the
induction hypothesis it can be rewritten as a linear combination of w, for r € I,. Therefore
[up,uql € @ Cuy, q.ed. O

TEIz,y
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Applying Lemma 3.4.5 above to ¢ = (y) and all summands in f we get [f,z] € @ Cus.
s€l .y

[[uy, Uz—2], us] — ﬁgl(z)[[uy,uz],ux,z] —[f,uyl € @ Cuy, g.e.d.
q€ly,y
U

(631

Therefore the sum [u,, uy| = o

Proposition 3.4.6. The algebra ET is isomorphic to @ Cuy, as a vector space.
p€ Convt

Proof. We have already said that elements u, are linearly independent for convex paths p. Let

us consider a non-convex path ¢ = (1, x2,...,zy) and let p(x1) < ...p(xs) > p(zst1). Then by

Proposition 3.4.3 uy = ), Biug, where g; is a local convexification of ¢g. By Lemma 3.3.1 we have

a(q;) < a(q). We can apply the same procedure to ¢;. The area function takes only half-integer

non-negative values, so in a finite number of steps we get uqs € Cu, . O
pEConv™

Example 3.4.7. Let us show the decomposition of [u(1 2y, u1,—1)] into a linear combination of
elements corresponding to convex paths.

1
U(1,-1) = o1 [U(o,—1),u(1,o)} = [U(o,—1),u(1,o)],
[U(1,2)’U(1,71)] = [u(1,2), [u(O,fl)au(l,O)H = [U(o,q)’ [U(1,2)7U(1,0)H + [U(1,0)7 [U(O,fl)au(lﬂ)ﬂ =
02,2 aq o2

[w0,-1), ( ) )+ [u(0,1), u(1,1)] = ue,1) — 7[“(0,—1»“%1,1)] - a[u(o,_1)>u(z,2)] =
a1 — Q9 (65}
—o et < (e +ua0ua) =

o] — Q9 1 a1 — 20
= TU(QJ) + a1t 1,0)U(1,1) + 7[”(1,1)716(1,0)] = Twlull T u,0)t(1,1)-

3.5. Triangular decomposition of the EHA. Let us denote by £, £< and &° subalgebras
generated by wuq;, u_1; and ug 1) respectively. Note that £ 7 £T cause we have not elements
ug,m in £7. We have the following important corollary of Proposition 3.4.6.

Proposition 3.5.1. The EHA £ has a triangular decomposition £ @ £° @ £< ~ & where the
isomorphism is given by the multiplication map.

Proof. First, we need to check that the multiplication map m : £~ ® E2® < — & is surjective. We
have the following set of relations
(D) [w(1,0), U(0,m)] = Ut i4m) € €5 (W10, U(0,—m)] = —K0,—mU(1,14m) = —U(1,1+m) € €,
(#0) [t(—1,1), U(o,m)] = —KOmU(—1,14m) = —U(=1,14m) € = [U(=1,0), U0,—m)] = U(—1,1-m) € E,
0(0,l+m) 0 -
(48) [u(1,1), U(—1,m)] = iTl e EVif I # —m,
-1

. K1l — KR-1,—-] c—¢C
(), w1, 1] = 2 S ,

a7 aq
(”)[U(O,ﬂ)a U(O,im)] =0.
Therefore in the element u, for p = (z1,...,2,) we can move all z; € £ to the beginning using re-
lations (i), (iii) and (iv) and get a linear combination of elements u,, for paths p; = (¢i, y1,. .., yx)

where u,, € £ and all y; € < or y; € E°. In the same way using relations (ii) we can move
all ; € £< to the end and get a linear combination of the elements ug, fo s; = (g;,t;,7;) where
ug, € 7, u, € €Y and u,, € <. But all such u,, belong to the image of m. Therefore m is
surjective.
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By Proposition 3.4.6 convex paths form a basis in both £~ and £< (the proof is analogous). The
basis of £° is given by all paths with all segments of form (0,1). We denote the corresponding sets
of convex paths Conv™, Conv® and Conv<. Therefore it is enough to prove that m(u,, ® Ut; @ Uny,)
are linearly independent in & for all elements v; € Conv”, t; € Comv’ and wy, € ConvS. Let us
consider two cases.

1) t; is a path consisting of entries (0,n) for n € Zso. Note that for any elements wu, 4y with
7 >0, ugyy with n > 0 and u( gy with 7' < 0 we have u((r,d)) < p((0,n)) < p((r',d')). Therefore
m(y; @uy; @ Uy, ) are convex paths that are linearly independent by analogous to Proposition 3.4.6
result for £.

2) Suppose that ¢; has an entry (0, —n). Using relations (v) we canset t; = ((0, a1), (0, a2), ..., (0, ax)
with a1 < az < ... < a;. Let us denote the subalgebra generated by wu () (resp. u,—n)) as g0+
(resp, £%7). We set Uph = [1a,50%0.a) € E%F and Uy = [Ta,<0%0,a)) € E%~. Let us show that
the multiplication map m’ : £< ® £%~ — &£ is injective.

We call a path p = (21, z2,...,z,) concave if (z,,...,z9,x1) is convex. Analogously to Proposition
3.4.6 we can show that elements corresponding to concave paths form a basis in £ and £<. Then
if we choose the concave basis u, in €< and a basis u, in €%~ then m’(u, ® u,) will be elements
corresponding to different concave paths and therefore m’ is injective.

Let Zq ug be the decomposition of an element m(u,, ® ut;) into a linear combination of convex

paths. Let p’ be a local convexification of a path p that replaces entries x;,z;11 by v1,..., Y.

Proposition 3.4.3 implies that pu(z;) > p(y;) > p(ziq1) for all j. Therefore m(uy, @ up; @ Uy, ) =

> q m(ug ® Ut ® Uy,,) — linear combination of convex paths. Let Convy, , be a set of convex paths

p that have form p = (z1,22,..., 2,15, wy) with p(x;) > 5, Vi. (We allow [ to be 0.) Note that

Conv = t|_| Convy, w, - Injectivity of m’ implies that all m/'(u,, ® ut;) ae linearly independent.
3§ Wik

Therefore m(m/(u,, ® u,-) ® Ut ® Unyy,) = M(Uy; @ Ut; @ Uy, ) € CONvy, 4y, are linearly independent.

It follows that m is injective. O

4. DING-IOHARA ALGEBRA

4.1. Generators and relations. We give explicit generators and relations for the Ding-lohara
algebra . Let us fix complex numbers g1, g2 and ¢ = ¢1¢o. Recall that ap = (1—¢¥)(1—¢5)(1—¢7%).
We set

x(z,w) = (2 — ) (z — w)(z — ¢ 'w),

z z
o(—) = RaL
2)-30)
keZ
We will define an algebra U by generators e, fi, hf where k € Z and n € Z~¢ and relations to

be specified below.
Let us define generating series

e(z) = Z ez ",

keZ

f(z)=> fuz ",

keZ

YE(z) =1+ Z hEztn,

n€Z>O
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Let ¢, €; and e be elements of {1, —1}. The defining relations of I/ are as follows.

1) 97 ()0 (w) = B2 ()P (2),
i) X(2, )97 (2)e(w) = —x(w, 2)e(w)i (2),

i) (2, w)e(2)e(w) = —x(w, 2)e(w)e(2),

iv) x(w, 2)f(2) f(w) = —x(z,w) f(w) f(2),

V) [£2),e(w)] = — (5 ) e (2) — e 7(2))

a1

-~ =S Y /
=

We are interested in its quotient £ by cubic relations. We put Res(a) be the coefficient of (zyw)~

Zyw
in a. Cubic relations are as follows.

Res [(zyw)™(z + w)(y* — 2w)e(2)e(y)e(w)] = 0 for all m € Z,

ZYyw

Res [(zyw)™(z + w)(y* — 2w) f(2) f(y) f(w)] = 0 for all m € Z.

ZYyw

The algebra & is called the quantum toroidal gl;.

l1 la I3
21 %9 %3

It will be useful to rewrite last two relations. We denote the coefficient of 2! 22 zé3 inaas C
Res [(z30) ™+ )0 — zwpe(Jev)eu)] = C [+ w)o? = zw)e()ely)e(u)]
oG @] = € @@+ [elem)e(w)] -

[e(2)e(y)e(w)] = emem+1€m—1 — em+1€m—1€m + Em—1€m+1€m — €mem—1€m+1 =

Zmymflwm+l

em[€m+1a emfl] - [em+17 emfl]em = [ema [em+1a €m71]]

Analogously we have

Res [(2yw) ™" (z + w)(y* — 2w) f(2) f(y) f(w)] = [fim: [fmt1s frnr]]-

ZYyw

So last two relations state that

[erm [em+17 em—l“ =0,

[fm7 [fm+1; fm—l]] =0.

5. THE ISOMORPHISM BETWEEN & AND (c:‘

13

1

(a).

5.1. The map ¢ : € — £. In this subsection we construct a surjective map ¢ : & = £. We know
that the algebra & is generated by elements ey, fi, and h. Let us put ¢(ex,) = u (1,k)> (i) = v p)

and ¢(ht) = 0(0,4n)- We need to check that ¢ respects sets of relations for £ and &, i.e. elements

uy for x € {(1,k), (—1,k), (0,n)} satisfy relations of &.
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Let us consider formal series

Ti(z) = Z uuzl,

leZ
T_1(z) = Zu_uzl,
leZ
T(l](z) =1+ Z 00,n2na
n€Z>0
TG =14 3 o
n€Zl>o
i(z) = Zzl.
leZ

To show that a map of algebras ¢ is well-defined it is enough to check the following set of relations
(i) T (2) T (w) = Tg? (w) T (2)
i) x(z, w)T§ (2)Te, (w) = —x(w, 2)Te, (w) T (2),
iii) X(Z7w)Te(z)Te(w) = —X(w, Z)Ts(w)Te(Z)7

(
(
(iv) [T_1(2), Ty (w)] = —6(2)(T5 (2) — ¢ *TZ (=),
(
(

o1 W
V) [U(l,m)a [u(l,m-i-l)a u(l,m—l)“ =0,

Vi) [u(—l,m)v [u(—l,m—&-l)v U(—l,m—l)“ = 0.

Proposition 5.1.1. The map ¢ : € — € is a well-defined surjective map of algebras.

Proof. From the relations of the EHA & we have g )u0,m) = %0,m)U(0,) and therefore EVis a

commutative subalgebra. By the definition T§ € £°. The relation (i) follows.

We will prove (ii) for ¢, = e = {+}. All other cases are analogous. We need to rewrite this
" _ (=q1z)(1=gox)

condition. We put ((z) = %.

Lemma 5.1.2. {(z) = exp (Zn w>.

n

Proof. Let us consider log({(z)). Note that log(1 —2) = —=>_ %

nn

log(¢(z)) = log(1 — 1) + log(1l — gax) — log(1 — =) — log(1l — gox) =

n n n n 1—g™)(1 —g?
—;q?i—;q§i+;i+;q"2:;( ql)n( By

Taking exponent of both sides we get the proposition. O
Note that
) (= qu)(z — )z —g ) _ 2101 @) g w)
x(w,z)  (w—qz)(w—g2)(w-q'2) w(l-qi)d-qi)(w-q"2)
Z2A-aP)1-eY) lweE-1)  wl-a)l-e%) (1-g¢)(z-w)
w? g2y -1 (I-—ag)-ef) 2z 0-¢9)E-w) (1-af)l-eg)
I-aP)0-¢e7) (I-¢)E -1  ((w\)

(1-¢91-%2) A-qi)(l—-qd) ((2\w)



LECTURE 4: ELLIPTIC HALL ALGEBRA BY GENERATORS AND RELATIONS 15

The relation (ii) can be rewritten as
w

T (2) Ty (w)S(-) = Ta(w)T (2)¢(5).

This relation should be understood as an equality of coefficients for these formal series expanded
in |w| > |z|. Let us look at

oy = C—a®)l-e¥) E-a)G-o (@Gi-De'i-1) (0-gH0l-¢'3
z 1=-20-¢2) (G -DE -9 (5 - D5 -1 1-30-g"')

ox (Z (-0 g™ @n)

n

Then we have the relation (ii) in the following form

Tg (2)T1(w) exp (Z 2"(1— ?2751 — qS)) Ty ()T (2) exp (Z (1 — g™ (1 — q2")> |

nw™
n n

T1(w)T§ (2) = T¢ (2)T1(w) exp <Z ((1 —a)d-g) (—g")(— qgn)> (Z)n> |

n n w
n

Note that Tg(z) = exp (Zn O‘nu(o,n)zn).
w) exp <Z O‘n“(o,n)zn> =
(St o (s )

n

Lemma 5.1.3. Suppose that [e,p] = ec = eexp(p) = exp(p)eexp(c).

Proof. We need to show that 6%? =D atbei a, eb, We will prove it by the induction by k.
For k =1 we have e = pe + ec.
Suppose that the statement holds for £ — 1. Then

PPl k—1 1 p® b 1 p® b
e— = —e = - —e—p=— —ep— =
oY PTg 0P Tk ol P!
a+b=k— a+b=k—1
1 a+1 Cb 1 a Cb+1 1 a b a b
1 1 AR S (v P,
k al bk al " bl k (a—1)! bl (b—1)!
a+b=k—1 a+b=k—1 a+b=k
1 pa Cb pa Cb
5 2o (atb) ey P
k a+b=k al b a+b=k al b
O
Let us compute [T1(w), >, ant(on)2"]-
w), Z anu(O,n)Z Z Z anlu (1,k—n) (O,n)]wkinzn =
n k€Z n€Zl~o
k(Z\" _ Z\" 1-g)A—-g5)A—qg™") r2\" _
S 5 et (2) =T X () =i . (2) -
kE€EZ n€Z>0 nEZxo nEZso
(1-g)(1—-gy) —(1-g")A—-gq") (2\"
T (7) .
5> n :

n€Z>0
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Applying Lemma 5.1.3 we have the proof of (ii).

The only known proof of (iii) uses the isomorphism & with the EHA of elliptic curve and GL,
modular forms. The first fact will be covered in future talks. The second one will lead us too far
away from our topic. One can read details in Kapranov’s paper [K].

To prove (iv) let us consider the coefficient of z*w! in expressions of both sides.

€ (IT1(2): Tu()]) = [u1p uap):

1 2, 4o 1 L
zgul (mé(w)(c 'To (2) — CT(T(@)) = 071sz+1 (c Ty (2) — Ty (2)).

We need to consider three cases.
)kE+1<0,

[’LL u ] — K 9(0,l+k)

(_17k)’ (Ll) a((—l,k),(l,l) a s
1,—-k)+ (1,1) — (0, -k — 1 e

=Lk, (D) = (( - ; : )) = L0 = [ucrm, vl = C(TIL)y

Lo (cTy (2) — ¢ ' (2) = e (cT; (2)) = CM

a0 0 aq ket 0 ap
2) k+1=0,

-1
c—c

[u(fl,k)vu(l,l)] = [U(71,71)7U(1,l)] = o

1 c—ct

- ’]I‘* _ —1T+ —

ol szH(C 0 (2) =¢Tq (2)) o
3)k+1>0,

a1, ) = —K b

(=1,k)» Y(1,0) a((=1,k),(1,0) a
- - 0
a((=1k), (L1) = —((1’ B) (L0 - Ok + l)) = (=L k) = [u1p), vl = _ 1 AR
2 ; ; -
1

1 0
L —N =l _ —1mt _ _—17(0tk)
o qul (cTy (2) — ¢ ' T (2)) = o ZkCH(c Ty (2)) c T

We see that in all cases

C ([To1(2), Ti(w)]) = C (1(5(z)(c']ra(z) — c_l'll”ar(z))> for all k,1 =

skl zRw! \ Q1 w
(T2, Ta(w)] = -3 () - T (2).

To prove (v) we note that the triangle (0, (1,1 + 1),(2,2l)) has no interior lattice points. Then

(i), -l wapl = [uean, vanl = 0.
The proof of (vi) is analogous.
Lemma 3.2.1 implies surjectivity of ¢. O

We are ready to state the main theorem of this talk.
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Theorem 5.1.4. The map ¢ gives an isomorphism between € and the EHA E.

5.2. Properties of £. The main goal of this subsection is to get the similar result to Lemma 3.5.1
for the algebra £. Let us introduce subalgebras £> generated by elements ¢;, £ generated by
elements h4, and £< generated by elements f;. We have the following triangular decomposition.

Proposition 5.2.1. The multiplication map m : £ @ E0 @ E< — € is surjective.

Proof. Tt is enough to establish that
1)ex, fi] € £°,
Ner, hin) € E” +m' (€7 @ E%), where m' : £~ ® % — € is the multipliction map.
3)[fus han] € ES+m"(E° @ EF), where m” : £°® £ — € is the multipliction map..

Then the lemma will follow from the same reason as in Lemma 3.5.1. We will prove these facts
using the relations of £.

The relation (iv) implies that [e(z), f(w)] € £%(z,w) Note that coefficient of zFw! is exactly [ey, fi]
that proves 1).

Let us prove 2) for h,. The h_,, case is analogous.

Lemma 5.2.2. We have e, hy] = Bejin+ Y, €ihi for some e;, hi. Analogously [ej, h—y] = 'ej_n+
Zz’ eihi.
Proof. First, let us compute the coefficients of zFw! in the relation (ii) of £.
hie—ser — (@ + @2+ ¢ hr—seimr + (a7 + a5 ' + @) hn—re1-2 — hpe_3 =
eter—s — (a7 + a5+ @)emier—2 + (g1 + g2 + ¢ Her—aex—1 — ej_sex.
We can rewrite it as
s el + (7' + a2 +a— a1 — @2 — q De—thea + (a7 + @ " + @)ler—1, hi—g]—
'+ 6 +a—a —a—q Deshi1 — (a7 + @' + @)lei—2, hi—1] — [he, e1—3] = 0,
Gt e i ta—a—e-—q =(1-g)1-g@)(l-¢")=a, s
[z, €] + oner1hp—a + (67 + @5 ' + a)ler—1, hy—2]—
arerohi—1 — (67" + &' + @)[er—2, hy—1] — [, 3] = 0,
Note that in the formula above we suppose h_1 = h_9 = ... = 0 and hg = 1 because we compute
commutator with 7 (2).
Now we are ready to prove this proposition. We use induction by n. For n = 1 we have from the
relation above
le1—3, h1] = a1e;_2ho = 1€ 2.

Suppose thaw we prove the proposition for all n < I. From the computation above [ey, hy] is a linear
combination of [exy1,hi—1], [ext2, hi—2], [€k+3, hi—3], [ex+1hi—1] and [egi2hi—_2]. The proposition
follows. O

3) is analogous to 2). O

Now we have the following commutative diagram
g>®go®g<$g>®go®g<

T

é ¢ £
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From Lemma 3.5.1 the map m is isomorphism. Proposition 5.2.1 states that m is surjective.
Proposition 5.1.1 shows that ¢ is surjective. Therefore Theorem 5.1.4 is equivalent to the fact that
¢ is an isomorphism.

Remark 5.2.3. Theorem 5.1.4 implies that m is an isomorphism.

We will denote é also by ¢. It is enough to check that every part ¢, ¢V and ¢< is an isomorphism.
For commutative subalgebras £° and £° the isomorphism is obvious. Cases of > and < are analogous,
so we will focus on the first of them. We need to introduce more combinatorical notions.

5.3. Minimal paths. We are going to introduce the notion of a minimal path.

For a point z € Z* we have a line L going through

(0,0) and z. We want to choose a closest parallel ~
to L line L' # L that has lattice points. We have

two identical options. We set L’ be a line lying
above L. By a minimal path we denote the path ~_|
(x,z — x) with 2 € L’. We need two important

lemmas about minimal paths. L

Lemma 5.3.1. Let z = (r,d) be a positive seg-
ment with » > 2. Then there exists a mini- L

S
mal path (x,z — x) such that rank(z) > 0 and
rank(z — x) > 0. In fact there are ged(r,d) such
paths.
\
Proof. Let S be a strip bounded by the vertical
lines through origin and 2z and lines L and L’. Then Ficure 7. Two different min-

to prove the lemma it is enough to find a lattice imal paths.

point on L' inside S.

If deg(z) > 1 the statement is obvious. So it is

enough to consider deg(z) = 1. The only case when we don’t have a point on the line L’ inside S is
when both intersection points of vertical lines through (0,0) and z with L’ are lattice points. We
know that r > 2 and deg(z) = 1, so we have a point (1,2) € L such that ¢ ¢ Z. Then consider
a line L” parallel to L through (1,[%]). It is closer to L then L, so (z,z — x) was not a minimal
path and we get a contradiction. O

Lemma 5.3.2. A positive path (z,z — x) is minimal if and only if deg(z) = deg(z —x) = 1 and
the triangle A, .—, has no interior lattice points.

Proof. All points inside the triangle A, ., or on the sides x and z — = are closer to the line L
then L’ containing z. Therefore if the path p = (z, 2 — x) is minimal then there are no such lattice
points.

Suppose that we have a not-minimal path p = (z,z — x) satisfying conditions of lemma. Let us
choose a minimal path p = (y, z—y). Note that S(A; .—») > S(Ay,—y) because they have common
side z but a point y is closer to L then z. On the other hand by Pick’s formula S(A, ;) = deg(z) =
S(Ay,.—y). We get a contradiction. O

Note that for a positive minimal path (z,z — x) we have [ug, u,_,] = 09721'

5.4. The proof of the main theorem. In this subsection we will prove Theorem 5.1.4. We have
amap ¢ : £ — £>. Note that for every r we have a vector space &7 generated by the paths w,
with rank(p) = r. We are going to construct for each p € £ a preimage e, = ¢~ *(u,) satisfying
commutation relations of £ and show that such e, (for all r) generate & as vector space. We prove
it by the induction on 7.
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For r =1 we have e1,, = ey, = qﬁ_l(u(l’m)) by the definition of ¢.

Now suppose that we define such preimages for all paths of rank k for all £k < r. Let us put
ekm = qﬁ;_ll(u(k’m)). Our goal is to define a preimage of wu(, ). We set z = (r,m) and choose a
minimal path (z,z — ). Then we have [uy, u,—»] = u,. We want to set e, = [ez, €,_,]. We need
the following lemma.

Lemma 5.4.1. For any two minimal paths p = (z,z — x) and p' = (y,z — y) it holds [ey,e,—z] =
ey, €2—y].

Proof. Set | = deg(z) and z9 = ¥ = (r,d). As in the definition of minimal path let L be the line
through the origin and z and L’ — the closest parallel to L line above it with lattice points on it.
We can choose the point x to be closest to the vertical line through (0,0) lattice point on L'. If
r > 1 Then all minimal paths are (x,lz0 —x), (x+ 20, (l—1)2z0 — ), ..., (x+ (I —1)z0, 20 —x). Note
that if [ = 1 there is a unique minimal path, so the lemma holds. So we may suppose [ > 1. We
have already defined element e, .,, SO [€x1(i—1)zs €(1—i)z0—2] = €220 = [€atizgs €(1—i—1)z9—z) NOldS.
We apply the operator ad(e,,) to both sides of the equation.

€205 [ex-i-(i—l)zoae(l—i)zo—x]] = [[ezo’ex-‘r(i—l)zo]ae(l—i)zo—x] - Hezoae(l—i)zo—a:]aem+(i—1)zo] =
— [€xtizos €(1—i)z0—a] T [€24(i—1)205 €(1—i+1)z0—a)>
€205 [€atizos e(l—i—l)zo—x]] = [[€20, €xtizo)5 e(l—i—l)zo—ar] — [[ez; e(l—i—l)z()—:c]> Cxtizg] =
— [€xt(i4+1)20) €(1—i-1)z0—a) T [€2+i20> €(1—i)z0—a)>
[ea:+(i—1)zoa e(l—i—}—l)zo—a:] — [ez+tizos e(l—i)zo—z] = [ex+izos e(l—i)zg—a:] - [€$+(i+1)zg7 e(l—i—l)zo—x]'

We need just one additional relation to show that [es, €1.—z| = [€xtizgs €(1—i)zg—z) fOr any i. Let us
consider three cases.
1) I = 2. We have [eg, €;,—z] = €4,- Applying ad(e,,) we get

0= [620? [ emfm]] = [[6207 ez), ezoﬂc] + [[620’ €20 — 7], ep] = _[ez+Zm 6207:1:] + ez, €220 — ).

2) I > 3. By the induction hypothesis [ez, €(1_2).0—z] = [€x+iz0, €(1—i—2)z0—z] = €(1-2)z- We apply
the operator ad(ezzp). Note that by Lemma 5.3.2 the triangle 0, z + iz, (Il —i)zp — « has no interior
lattice points and no lattice points on sides x +izp and (I —i)zp —x. Therefore a triangle Ay iz 22,
has no interior lattice points (it lies inside a parallelogram on sides z and x + izp) and no lattice
points on the side = + 2.
[622’07 [65127 e(l72)2071]] :[[622’07 el‘]u 6(l72)2071‘] - [[62207 6(172)z07x]) ex] -
- [6I+22’07 6(172),20730} + [6567 elzo—:p]a
€220, [€atiz 6(l7i72)zofz“ = [[e229; €xtiz); e(lfifQ)zofx] — [leazo, e(lfi72)zofx]7 Crtizg) =
— [Cat(i42)200 €(1=i—2)z0—a) T [€x+iz05 €(1—i) 20—z )5
€5 €lzg—x] = [€x+2205 €(1=2)20—2] = [€xtiz0s €(1—i)z0—2] — [Cat(i+2)20> E(1—i—2)z0—2)-
From this relation and all obtained by applying ad.. we have [es, €12y—z] = [€x4iz0, €(1-i)z9—a] fOT
all 7, q.e.d. ]

For any sequence s = (x1,x2,...,%,) We set €5 = €z,€4, ...6€4,. We need to check that by this
definition we get the same element for two equivalent (i.e. representing the same path) sequences
s and 5.

Lemma 5.4.2. If s and s’ are two equivalent sequences then e; = eyr.

Proof. Tt is enough to consider the case of [(s) = 2. Indeed suppose that we have proved for the
case of two segments and let [(s) > 2. For every two segments x;, x;11 in s = (x1,...,2z,) we have
es = ey with 8’ = (z1,...,Zi-1,Ti+1, Ti, Tit2, - - -, Ty). Let us have s = (kw, lw) and s’ = (lw, kw).
Let us take two minimal paths p = (z, (k+1)w—=z) and p’ = (z+lw, kw—2z). Note that from Lemma
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5.4.1 we have [ex, €(k41)w—z] = [€x+lw, Ckw—z] and from the induction hypothesis (e, efy—o] = %—7{”

with 6(z) defined from e, in the same way as for the EHA £.

[ekwy €lw] = al(“exu ekw—m}v elw]) :al([e$7 [ekw—m7 elw]] + [[6z7 elw]a ekw—m]) =

al(_[eam e(kJrl)wfx] + [€£E+lw7 ekw]) =0.

But 0k = apery +t where t is a linear combination of e, with I(p) > 2. As u, for convex p are
linearly independent we have [egy,, €,y = 0. O

In such way for every convex path p of rank  we construct an element e, such that ¢(ep,) = .

We put J be a vector subspace of £~ generated by all e,. From Proposition 3.4.6 u, is a basis of
£~, so ¢ gives an isomorphism between J and 7. It remains to show that e, € J for every (not
necessarily convex) path p of rank r. We will use the induction by area a(p). If a(p) = 0 then
p is convex path and the statement holds. Suppose that we have already shown it for all p with
a(p) < n.
It is enough to consider the case of I(p) = 2. If [(p) > 2 then for every subpath p’ of two segments
a(p’) < a(p), so we can choose a convexification with smaller area by the induction hypothesis. The
same argument on the area function shows that after finite number of convexifications we will get
a linear combination of convex paths.
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For a path p = («, (r,d) — ) we consider the region
R bounded by the line L going through the origin
and (r, d), parallel line through x and vertical lines
though (0,0) and (r,d). The path p divides this
region in 3 segments A, A, and A’. Let us con-
sider two different cases.

1) There is a lattice point y in one of two trian-
gles A and A’. We allow this point lie on the
left boundary of A or right boundary of A’ (green
on Figure 8) but not on the boundary in common
with A nor on the top boundary (black on Fig-
ure 8). Assume that y € A and consider paths
= (y, (r,d) —y) and m = (y,z — y,(r,d) — z).
By construction we have a(q) < a(p).

(r,d)

F1GURE 8. Three triangles A,
A,, A’ the path p’ (blue) and
the convexification ¢ (red).

Proposition 5.4.3. e,, = fe,+t = e+t where
t,t' € J and 3,5 € C(q1,q2,¢)-

Proof. Proposition 3.4.2 we have uyu,—y = Bu, +

> 4 Bquq where ¢ runs among the set of convexifi-

cations of (y,x —y). Note that rank(y) < r and rank(x —y) < r, so by the induction hypothesis
the same holds for e,e,—,. We have

€m = €yCr—yC(rd)—z = /Becce(r,d)fz + Z quqe(r,d)fx = Bep + Z /quq’a
q q

where ¢’ is the concatenation of ¢ and (r,d) — z. Note that I(¢) > 3 and a(¢") < a(p) because ¢’
is a local convexification of p. Therefore by the induction hypothesis e, € J. The first equality of
the proposition holds.

The equality e, = f'e,y +t' is proved in a similar way.

em = €yerye(rd)—x = B ye(ra)—y + Z Byeyeq = Bey + Z Bqey s
q q

where ¢’ € J by the same reasons. O

Therefore we may suppose that p has no interior lattice points in A and A’.
2) If both A and A’ have no interior lattice points then the same is true for A, that is equal to

the sum of these two triangles reflected along common sides. Suppose that A, has lattice points
on boundaries,

(i) We have a point on the bottom boundary. Then we have a point z on the upper boundary of
the region R. We put ¢ = (2, (r,d) — 2) and ¢* = ((r,d) — z,2). The computation above shows
that e, = Be;, +t where ¢ € J. By the construction triangle A, (.45, has no interior lattice

O¢r,a)
a1

points and deg(z) = deg((r,d) — z) = 1. Therefore uy = u,: +
deg((r,d)) = 1.

(ii) In subsection 3.2.4 we show that if there are no interior lattice points in A, then either
deg(x) = 1 or deg(y) = 1 or deg(x) = deg(y) = 2. We apply this statement to the triangle
Ay = Ay (r,d)—p- In the last case we have deg((r,d)) > 2. So we may suppose that deg(z) = 1.

. (r,d)—x
Set w = deg((r,d)—z)

interior lattice points because its area is the same as the area of A, .. The area S(Ay (;.4)—z) =

€ J. So we may assume that

and put y = v — w. Suppose that y is positive. The triangle A, ,, has no
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S (A%(r’d),x), so Ay (4)— has no interior lattice points. By the induction hypothesis we get
ey, ew] = €z, [ey,€(rd)—z] = €(r,d)—w- Therefore

0 r.d
[ez’ e(r,d)—$] - [[ey, ewL e(r,d)—;t] = [[ey, e(r,d)—x]? 6w] + [€y7 [Gw, e(r,d)—z]] = [6(7’,(1)—11.17 ew] = ;71) € J,

because ((r,d) — w,w) is a minimal path. It finishes the proof of the theorem 5.1.4.

Remark 5.4.4. In fact y = v — w can be not a positive segment. But the cases of £~ and £ are
analogous and rank(y) < r, so we may apply the induction hypothesis to both subalgebras. Suppose
that rank(y) = 1. We get:

ey, ew] = ey, leys €(rd)—z] = c_le(rvd)_w. Therefore

[eﬂca e(r,d)—w] = C_l[[eyv ew], e(r,d)—x] = C_l[[eya e(r,d)—a:]a ew] + C_l[6y7 [6wa e(r,d)—z“ =

0
cil[e(r,d)*wu ew] = % €J

6. HOPF ALGEBRA STRUCTURE.

In terms of Drinfeld generators Ty, ']I“OjE and T_; it is easy to write down the bialgebra structure
on &.

A(Ty(2)) = Ti(2) ® 1+ T (2) @ Ta(2),
A(T_1(2) =T_1(2) ® 1+ T_1(2) ® Ty (2),
A(T5(2)) = Ty (2) ® Tp (2)-
It will be shown in next talks that the algebra £ admits a Hopf algebra structure.
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